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Constituent equations:

𝑃𝑓𝑒 = 𝐾𝑓𝑒 ⋅ 𝐴𝑒 ⋅ 𝑙𝑐 ⋅ 𝐵𝑃𝐾
𝛽

𝑃𝑐𝑢 =
𝐼𝑡𝑜𝑡

2⋅ 𝑀𝐿𝑇 ⋅𝑛1
2⋅ 𝜌

𝐾𝑢⋅ 𝑊𝑎

𝑃𝑡𝑜𝑡𝑎𝑙 = 𝑃𝑓𝑒 + 𝑃𝑐𝑢

Solving 
𝝏𝑷𝒕𝒐𝒕𝒂𝒍

𝝏𝑩𝑷𝑲
= 𝟎 for BPK yields: 

𝐵PK = 2
−

1
𝛽+2 ⋅

Itot
2 ⋅ λ1

2 ⋅ MLT ⋅ 𝜌

𝛽 ⋅ Kfe ⋅ 𝑊𝑎 ⋅ 𝐴𝑒
3 ⋅ 𝑙𝑐 ⋅ 𝐾𝑢

1
𝛽+2

Substituting BPK (et. al.) into Ptotal and rearranging yields Kgfe.

𝐾𝑔𝑓𝑒 =
𝛽

2

2
𝛽+2

+
𝛽

2

−
𝛽

𝛽+2

−
𝛽+2
𝛽

⋅
𝑊𝑎 ⋅ 𝐴𝑒

2⋅ 𝛽−1
𝛽

𝑀𝐿𝑇 ⋅ 𝑙𝑐

2
𝛽

=
𝐼𝑡𝑜𝑡

2 ⋅ 𝜆1
2 ⋅ 𝜌 ⋅

𝐾𝑓𝑒
𝑃𝑡𝑜𝑡𝑎𝑙

Τ2 𝛽

4 ⋅ 𝑃𝑡𝑜𝑡𝑎𝑙 ⋅ 𝐾𝑢

Kgfe Derivation

𝑛1 =
𝜆1

2 ⋅ 𝐴𝑒 ⋅ 𝐵𝑃𝐾

𝐼𝑡𝑜𝑡 =෎

𝑗=1

𝑘

𝑖𝑗⋅ 𝑛𝑗

𝑛1

Itot is derived by using the Lagrangian multiplier ξ. 

Pcu =

MLT ⋅ 𝜌 ⋅෎

𝑗=1

𝑘
𝑖𝑗
2 ⋅ 𝑛𝑗

2

𝛼𝑗

𝑊𝑎 ⋅ 𝐾𝑢
Λ is the optimization equation.

𝛬 =

MLT ⋅ 𝜌 ⋅෎

𝑗=1

𝑘
𝑖𝑗
2 ⋅ 𝑛𝑗

2

𝛼𝑗

𝑊𝑎 ⋅ 𝐾𝑢
+ 𝜉 ⋅ 1 −෍

𝑗=1

𝑘

𝛼𝑗

Solving 
𝝏𝜦

𝝏𝝃
= 𝟎 and 

𝝏𝜦

𝝏𝜶𝒋
= 𝟎 yeilds:

𝜉 = −

MLT ⋅ 𝜌 ⋅ ෍
𝑗=1

𝑘

𝑖𝑗 ⋅ 𝑛𝑗

2

𝑊𝑎 ⋅ 𝐾𝑢

𝛼𝑖 =
𝑖𝑖 ⋅ 𝑛𝑖

෍
𝑗=1

𝑘

𝑖𝑗 ⋅ 𝑛𝑗
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Scale 𝑲𝒈𝒇𝒆 to be proportional to volume

• 𝐾𝑔𝑓𝑒 =
𝛽

2

2

𝛽+2
+

𝛽

2

−
𝛽

𝛽+2

−
𝛽+2

𝛽

⋅
𝑊𝑎⋅𝐴𝑒

2⋅ 𝛽−1
𝛽

𝑀𝐿𝑇⋅𝑙𝑐

2
𝛽

=
𝐼𝑡𝑜𝑡

2⋅𝜆1
2⋅𝜌⋅

𝐾𝑓𝑒

𝑃𝑡𝑜𝑡𝑎𝑙

Τ2 𝛽

4⋅𝑃𝑡𝑜𝑡𝑎𝑙⋅𝐾𝑢

• The units for 𝐾𝑔𝑓𝑒 as defined above are 𝑚
5−

6

𝛽

• 𝐶𝑜𝑟𝑒 𝑉𝑜𝑙𝑢𝑚𝑒 ~ 𝐾𝑔𝑓𝑒

3

5−
6
𝛽

3


